Abstract. Given an exceptional compact simple Lie group G we describe new left-invariant Einstein metrics which are not naturally reductive. In particular, we consider fibrations of G over flag manifolds with a certain kind of isotropy representation and we construct the Einstein equation with respect to the induced left-invariant metrics. Then we apply a technique based on Gröbner bases and classify the real solutions of the associated algebraic systems. For the Lie group G 2 we obtain the first known example of a left-invariant Einstein metric, which is not naturally reductive. Moreover, for the Lie groups E 7 and E 8 , we conclude that there exist non-isometric non-naturally reductive Einstein metrics, which are Ad(K)-invariant by different Lie subgroups K.
Introduction
In 1979 D'Atri and Ziller [DZ] studied naturally reductive metrics on compact semi-simple Lie groups. They gave a complete classification of such metrics on compact simple Lie groups and described many naturally reductive Einstein metrics. They also asked the following question (cf. [DZ] Remark p. 62):
Question. Given a compact simple Lie group G, do there exist left-invariant Einstein metrics which are not naturally reductive?
The first left-invariant Einstein metrics on a compact simple Lie group which are non-naturally reductive, were discovered for SU n (n ≥ 6) by K. Mori in 1994 [M] . He considered the Lie group SU n as a principal bundle over the generalized flag manifold SU n / S(U ℓ × U m × U k ) (ℓ + m + k = n ≥ 2) and then he used the reverse of Kaluza-Klein ansatz to describe new left-invariant Einstein metrics. In 2008, Arvanitoyeorgos, Mori and the second author proved the existence of new non-naturally reductive Einstein metrics for SO n (n ≥ 11), Sp n (n ≥ 3), E 6 , E 7 and E 8 , using fibrations of a compact simple Lie group over a flag manifold (Kähler C-space) with two isotropy summands (see [AMS] ). More recently, Chen and Liang [CL] proved that there is a non-naturally reductive left-invariant Einstein metric on the exceptional Lie group F 4 .
In this paper we describe new non-naturally reductive Einstein metrics on compact simple Lie groups G, which can be viewed as principal bundles over flag manifolds M = G/K with three isotropy summands and second Betti number b 2 (M ) = 1. Hence, the painted Dynkin diagram of M is defined by a pair (Π, Π K ) such that Π\Π K = {α io } with ht(α io ) = 3 for some simple root α io . Here, Π = {α 1 , . . . , α ℓ } is a basis of simple roots and ht(α j ) is the height (Dynkin mark) of a simple root α j . Because the heights of a classical compact simple Lie group are bounded by 1 ≤ ht(α i ) ≤ 2 for any i = 1, . . . , ℓ (c.f. [GOV] ), the examined Lie groups are necessarily exceptional, see Table 2 . From now on, we shall denote such a Lie group G by G(α io ) ≡ G(i o ); then one can immediately encode the isotropy subgroup K via the corresponding painted Dynkin diagram. Moreover, the related reductive decomposition g = k ⊕ p induces the left-invariant metrics , that we are interested in.
By extending the notation of [AMS] , and since in our case the painted black simple root α io is never connected with the vertex corresponding to the negative of the maximal rootα := ht(α 1 )α 1 + . . . + ht(α ℓ )α ℓ , we agree to say that G ≡ G(i o ) is of Type I b , II b , or III b , if after deleting the black vertex the Dynkin diagram splits into one, two, or three components (subdiagrams), respectively. In [AMS] and for compact simple Lie groups G associated to flag manifolds M = G/K with two isotropy summands, it was shown that the new non-naturally reductive Einstein metrics appear only for the corresponding classes of Type I b and II b (for the Types I a , II a , III a the painted black simple root is connected to −α). In particular, for such flag manifolds, there are still Lie groups of Types III a , III b (related to SO 2ℓ , see Theorem 3.3) but these cases have not been examined yet. In this study, we focus on exceptional flag manifolds and provide the existence of new left-invariant non-naturally reductive Einstein metrics on simple Lie groups of all 3 types I b , II b and III b .
For convenience, in Table 1 and for any exceptional compact simple Lie group G ≡ G(i o ), we list the number of non-naturally reductive left-invariant Einstein metrics found in [AMS] , including our new Einstein metrics and the Einstein metric constructed by Chen and Liang [CL] (although it does not fit into our types). We denote this number by E(G) non−nn and also state the isotropy subgroup K, the numbers p, q appearing in the reductive decomposition g = k ⊕ p = k 0 ⊕ · · · ⊕ k p ⊕ p 1 ⊕ · · · ⊕ p q and the type of G(i o ). For the description of the Ricci tensor associated to a left-invariant metric on a Lie group G(i o ) of Type I b , II b and III b , we exploit the Lie theoretic description of flag manifolds M = G(i o )/K and apply a basic method of Riemannian submersions, see for example Lemma 2.2. Notice that the induced left-invariant metrics are given in terms of 5, 6, or 7 parameters, depending on the explicit type of G = G(i o ). Hence, the Ricci tensor is complicated and we often need to consider new fibrations, inducing new left-invariant Riemannian metrics. Then, a comparison of these metrics with the initial one , provides all the necessary information for an explicitly description of the associated Einstein equation, see for example Lemma 4.4 or Lemma 5.3. We mention that this approach leads to a uniform description of the Ricci tensor and it has been successfully applied in a series of works [AMS, AC, CS] .
After this step, we proceed to a systematic examination of the algebraic systems defined by the corresponding Einstein equation with respect to , . With the aid of computer, we can describe Gröbner bases for algebraic systems and classify real solutions of the corresponding Einstein equation. Finally based on Propositions 4.6, 5.5, 6.4, we deduce which of these solutions induce new non-naturally reductive left-invariant Einstein metrics. We summarize our results (up to isometry) in the following theorem (for useful details on the examination of the isometry problem we refer to [CS, AC, C2] A careful analysis of the Einstein metrics described by Gibbons, Lü and Pope [GLP] on the compact simple Lie group G 2 , shows that they are naturally reductive, which is contrary to the claim appearing in the introduction of [CL] . In particular, the metric described in Theorem 1.1 is, to the best of our knowledge, the first known example of a left-invariant Einstein metric on G 2 , which is not naturally reductive. Moreover, another direct conclusion of the present work is the existence of Lie groups G, that is, E 7 , E 8 , for which one can construct non-isometric, non-naturally reductive left-invariant Einstein metrics which are Ad(K)-invariant for different Lie subgroups K ⊂ G. More examples in this direction occur now in combination with the results of [AMS, CL] , that is, for the Lie groups F 4 , E 6 . We remark, however, that there are also subgroups K ⊂ G for which the associated reductive decompositions does not induce any new left-invariant Einstein metric, for (G = G 2 , K = U s 2 ) and (G = F 4 , K = Sp 3 × U 1 ). Eventually, the results stated in Table 1 leads us to conjecture that Lie groups which can be viewed as principal bundles over flag manifolds M = G/K with b 2 (M ) = 1 and q ≥ 4, admit more non-naturally reductive left-invariant Einstein metrics. By Theorem 3.3, this conjecture may apply for the Lie groups F 4 (3), E 8 (3), E 8 (6), E 7 (4), E 8 (4), E 8 (5) and in the special case q = 2, for the classical Lie group SO 2ℓ (ℓ − 2) with ℓ ≥ 5 (we mean the case that the painted black root is not connected to −α). Acknowledgements. The first author gratefully acknowledges support by Grant Agency of Czech Republic (GAČR), post-doctoral grant GP14-24642P. He also thanks Department of Mathematics at Osaka University for its hospitality, during a research stay in October 2014, where a part of this work written. The work was supported by JSPS KAKENHI Grant Number 25400071.
Invariant metrics and the Ricci tensor
Let (M = G/K, g) be a compact homogeneous Riemannian manifold, where G ⊂ I(M ) is a closed subgroup of the isometry group and K is the isotropy subgroup at a fixed point o = eK ∈ M . Through this paper we shall denote by B ≡ B G the negative of the Killing form of g = T e G. Without loss of generality we can assume that G acts (almost) effectively on M and moreover that it is connected and semi-simple (see [B] ). Fix a B-orthogonal Ad(K)-invariant complement m ⊥ k of k in g such that g = k ⊕ m and Ad(K)m ⊂ m. Then, m is identified with the tangent space T o (G/K) (o = eK ∈ G/K), and the isotropy representation χ : K → SO(m) of K coincides with the restriction of the adjoint representation Ad G | K on m. Thus we may identify g with an Ad(K)-invariant inner product ( , ) : m × m → R on m. Traditionally, we call (M = G/K, g) naturally reductive if there exist G and m as above, such that the endomorphism ad(X) : m → m be skew-symmetric with respect to ( , ) for any X ∈ m.
In [DZ] , D'Atri and Ziller examined naturally reductive metrics among left invariant metrics on compact Lie groups, in particular in the simple case they presented the complete classification of such metrics. Let us recall some details. Consider a compact connected semi-simple Lie group G and let H be a closed subgroup. We shall write h = h 0 ⊕ h 1 ⊕ · · · ⊕ h p for a decomposition of the Lie algebra h = T e H into its centre h 0 := Z(h) and simple ideals h i , for i = 1, . . . , p. Let p be the orthogonal complement of h ⊂ g with respect to B. Then, g = h ⊕ p and Ad(H)p ⊂ p. Now, the Lie group G × H acts almost effectively on G with isotropy group the diagonal group ∆(H) = {(h, h) : h ∈ H}. Thus, G can be viewed as coset (G × H)/∆(H) with g ⊕ h = ∆(h) ⊕ G, where we identify
Theorem 2.1. ( [DZ, Thm. 1, Thm. 3] ) For any inner product b on the centre h 0 of h, the following leftinvariant metric on G is naturally reductive with respect to the action (g, h)y = gyh −1 of G × H:
Conversely, if a left invariant metric , on a compact simple Lie group G is naturally reductive, then there exist a closed subgroup H ⊂ G such that , can be written as above.
The Ad(H)-invariant orthogonal complement p coincides with the tangent space of the homogeneous space G/H, i.e. p ∼ = T o G/H. From now on we assume that p = p 1 ⊕ · · · ⊕ p q defines an orthogonal decomposition of p = T o (G/K) into q irreducible mutually non-equivalent Ad(H)-modules p j (j = 1, · · · , q). We also assume that the ideals h i (i = 1, . . . , p) are mutually non-isomorphic with dim h 0 ≤ 1. With the aim to give a unified expression for the Ricci tensor of a left invariant metric on G and a G-invariant metric on G/H, it is useful to express the decomposition of g (and hence also of h and p) as follows:
Then, the following left-invariant metric on G is in fact Ad(H)-invariant:
Let up present now a formula for the Ricci tensor associated to the left-invariant metric , on G defined by (2.2), and describe the same time the Ricci tensor of M = G/H with respect to the G-invariant metric ( , ) given by (2.3) (see also [WZ, PS, AC] ). Set from now on d i := dim R m i and let {e 
where the sum is taken over all indices µ, ν, ξ with e i µ ∈ m i , e j ν ∈ m j , e k ξ ∈ m k . Then, A ijk are independent of the B-orthonormal bases chosen for m i , m j , m k , and symmetric in all three indices, i.e. A ijk = A jik = A kij .
Note that Ric , is also an Ad(H)-invariant symmetric (covariant) tensor. In particular, since m ≇ m j for any 0 ≤ i = j ≤ p + q, it is Ric , (m i , m j ) = 0 for i = j, that is, the Ricci tensor is diagonal. Now, for any k = 0, . . . , p + q, the set {e 
Here, the sums are taken over all i, j = 0, 1, · · · , p + q. In particular, for each k it holds that
For k = p + 1, . . . , p + q and by considering the sums appearing in the expression of r k only for i, j with p + 1 ≤ i, j, ≤ p + q, one obtains the componentsr p+1 , · · · ,r p+q of the Ricci tensorr of the G-invariant metric
3. Flag manifolds with second Betti number b 2 (M ) = 1 and Lie groups os Type I, II, or III Let G be a compact connected simple Lie group with finite centre and Dynkin diagram Γ(Π), where Π denotes a basis of simple roots. We are interested in K-principal fibrations of G over flag manifolds M = G/K with the aim to build left-invariant metrics on G via a metric on the base G/K and a metric on the fiber K. For a Lie theoretic description of flag manifolds in terms of painted Dynkin diagrams we refer to [AP, AC, C2, CS] .
3.1. Lie groups of Type I, II or III. It is well-known (see [C2, C1, CS] ) that by painting black on Γ(Π) the vertex of a simple root, say α io for some 1 ≤ i o ≤ ℓ, we define a flag manifold M = G/K whose isotropy representation decomposes into q := ht(α io ) ∈ Z + mutually inequivalent, irreducible Ad(K)-submodules, i.e.
In fact, these are the flag manifolds M = G/K with b 2 (M ) = 1 and their classification can be found for example in [CS, Table 1 ]. Because M = G/K is just defined by fixing a simple root α io , we will denote the corresponding Lie group G by G(i o ) ≡ G(α io ). We shall write G(i) ∼ = G(j) when the flag manifolds obtained by the subsets Π M = {α i } and Π ′ M = {α j }, are isomorphic. Given the Dynkin diagram Γ(Π) of G, by deleting a vertex we obtain at most three components (subdiagrams), with the 3-component case appearing only for the G ∼ = E 6 , E 7 , E 8 or SO 2ℓ . These components correspond to the Dynkin diagrams which define the semi-simple part of K. Hence, we have the same number of simple ideals in k and components in Γ(Π) after deleting α io , and as long as this number increases it brakes up the symmetry of G(i o ). The centre k 0 ∼ = u 1 corresponds to the black vertex and we shall use also a double circle ❡ ❜ to denote the negative of the maximal rootα = ℓ i=1 ht(α i )α i , with respect to the fixed basis Π. Finally, in the splitting k = k 0 ⊕ k 1 ⊕ · · · k p of the isotropy subalgebra k into its centre and simple idelas, we agree to denote by k 1 the subalgebra whose Dynkin diagram is connected with −α.
Definition 3.1. We separate the compact simple Lie groups G ≡ G(i o ) ≡ G(α io ) (1 ≤ i o ≤ ℓ) into three types (and similarly the corresponding flag manifolds M = G/K with b 2 (M ) = 1), namely Type I, II, or III, depending on the number of components (namely one, two or three components) on the Dynkin diagram Γ(Π) of G(i o ), after deleting the black vertex corresponding to α io . In particular, we shall write I(q), II(q), or III(q), where q = ht(α io ) coincides with the number of the isotropy summands of M = G/K. We further divide each of these three types, into two subclasses by inserting a subscript a or b, e.g. Type I a (q) or Type I b (q), depending whether the black vertex is connected to −α, or not.
Let us classify now the compact simple Lie groups with respect to the above 6 types. We mention that maybe not all the types appear for any q with 1 ≤ q ≤ 6, or for some of them just a few Lie groups exist. For example Proposition 3.2. The unique compact simple Lie group G = G(i o ) = G(α io ) of Type III a (q) for some q (1 ≤ q ≤ 6), is the Lie group SO 8 (2) with q = 2.
Proof. By definition, a Lie group G(i o ) of Type III(q) (1 ≤ q ≤ 6) can only be isometric to one of SO 2ℓ , E 6 , E 7 , E 8 , namely: SO 2ℓ (ℓ−2), E 6 (3), E 7 (4) and E 8 (5). In fact, due to the form of extended Dynkin diagrams (see [AMS, GOV] ), these groups are always of Type III b (q), i.e. in any case the painted black simple root is not connected with −α, except SO 8 (2) which is of Type III a (q) with q = 2; the corresponding flag manifold is SO 8 /(SU 2 × SU 2 × SU 2 × U 1 ). For the general case SO 2ℓ (ℓ − 2) with ℓ ≥ 5, the associated flag manifold SO 2ℓ /(SU ℓ−2 × SU 2 × SU 2 × U 1 ) is of Type III b (q) with q = 2. For ℓ = 4 it is still q = 2 but as we explained before, in this case the type changes. For the exceptional Lie groups of type III(q), it is q = 3, 4 and 6, respectively, with E 6 /(SU 3 × SU 3 × SU 2 × U 1 ), E 7 /(SU 4 × SU 3 × SU 2 × U 1 ), and E 8 /(SU 5 × SU 3 × SU 2 × U 1 ) being the corresponding Kähler C-spaces, see also [CS, Table 1 ]. Their exact type is III b . The Lie group E 6 (3) will be examined in Section 6. 
, and III b (q), for q ≥ 1, is given as follows:
Proof. The case q = 2 has been already examined in [AMS] , except the Types III a (2) and III b (2) which we include here. These result exhaust all possible types with q = 2. Now, due to the form of the maximal root α we need to examine the cases q = 1, 3, 4, 5, 6. For q = 1, M = G/K is isometric to a compact isotropy irreducible Hermitian symmetric space. The classification of flag manifolds with three isotropy summands and b 2 (M ) = 1 was given in [K] and this with four isotropy summands was obtained in [AC, C1] . The cases q = 5, 6 appear only for E 8 , see [CS] . Now, the presented results are a combination of the Definition 3.1 and the (extended) painted Dynkin diagrams associated to flag manifolds with b 2 (M ) = 1.
3.2. Flag manifolds with three isotropy summands and b 2 (M ) = 1. From now on we focus on flag manifolds M = G/K with three isotropy summands p = p 1 ⊕ p 2 ⊕ p 3 and second Betti number b 2 (M ) = 1. Hence, M = G/K is defined by a pair (Π, Π K ) such that Π M := Π\Π K = {α io } with ht(α io ) = 3, see also [K, AnC] . As one can read from Theorem 3.3, such pairs (Π, Π K ) exist only for an exceptional simple Lie group, in particular G(i o ) ≡ G(α io ) must be isometric to one of the following Lie groups: G 2 (2), E 8 (8), F 4 (2), E 7 (3), E 7 (5), E 8 (2), and E 6 (3). For these groups we present in Table 2 the associated flag manifolds G(i o )/K (via their painted Dynkin diagrams) and we state the necessary dimensions D i := dim R p i for i = 1, 2, 3. By U l 2 (resp. U s 2 ) we denote the Lie group isomorphic to U 2 ∼ = SU 2 × U 1 , generated by the long (resp. short) root of the basis Π = {α 1 = e 2 − e 3 , α 2 = −e 2 } associated to the root system of G 2 . For this case, recall that α 1 = √ 3 α 2 andα = 2α 1 + 3α 2 . The highest roots of the exceptional groups F 4 , E 6 , E 7 and E 8 with respect to the used fundamental bases (see [C1, GOV] ) are given as follows (we write only the heights (ht(α 1 ), . . . , ht(α ℓ ))):
F 4 : (2, 3, 4, 2), E 6 : (1, 2, 3, 2, 1, 2), E 7 : (1, 2, 3, 4, 3, 2, 2), E 8 : (2, 3, 4, 5, 6, 2, 4, 3).
Remark 3.4. An explicit computation of the triples A ijk associated to the reductive decomposition of the Lie algebra g of G = G(i o ), is possible via their definition. This method access a description in terms of the structure constants of the corresponding Lie algebra (see also [S] ). In general, we avoid this technique, since we need to repeat it separately for any Lie group of each type and it becomes combinatorial. The same time, Theorem 3.3 and the classification of the simple Lie groups into different types I(q), II(q), III(q), (1 ≤ q ≤ 6) allows us to compute A ijk explicitly, in a generalized way. This means that often Lie groups of exactly the same type can be treated simultaneously; in this situation one can describe the Ricci tensor and construct the Einstein equation for the fixed left-invariant metric only once, and not for any Lie group separately; we refer to [AMS] for the Types I(q), II(q) and q = 2 and see Sections 4, 5 and 6 for the Types I(q), II(q) and III(q) with q = 3, respectively. (36, 18, 4) 4. Left-invariant non-naturally reductive Einstein metrics on Lie groups of Type I b (3)
. From now on we shall write g = T e G for the corresponding Lie algebra.
This is a reductive decomposition of g of the form (2.1) and due to (2.2), a left-invariant metric on G ∼ = G(i o ) is given by (4.2) , = u 0 ·B| k0 +u 1 ·B| k1 +x 1 ·B| p1 +x 2 ·B| p2 +x 3 ·B| p3 = y 0 ·B| m0 +y 1 ·B| m1 +y 2 ·B| m2 +y 3 ·B| m3 +y 4 ·B| m4 for some positive numbers u 0 , u 1 , x i , y j ∈ R + . This metric is also Ad(K)-invariant and since m i ≇ m j for all 2 ≤ i = j ≤ 4, any G-invariant metric on the base space M = G/K is of the form Proof. The proof is based on Lie theoretic arguments and it is similar with the one which we shall present for Proposition 5.1. Since the latter case is a bit more complicated, we state here only a few details and we refer to this proof for an extensive description of the different techniques that can be applied. First notice that
These inclusions occur since the base space of the K-principal bundle [AnC, p. 1593] and [CS, p. 674] for the general case). 
The corresponding Ricci components of G 2 (2) occur by the same expressions, by setting however A 133 = 0.
4.2. The structure constants. We proceed with the computation of the non-zero structure constants. Two of them, namely A 234 and A 223 can be directly obtained using the unique Kähler-Einstein metric that any flag manifold M = G/K with b 2 (M ) = 1 and p = p 1 ⊕ p 2 ⊕ p 3 admits. By inserting the values x 1 = 1, x 2 = 2, x 3 = 3 in the homogeneous Einstein equation {r 2 −r 3 = 0,r 3 −r 4 = 0} wherer i (i = 2, 3, 4) are the components of Ricci tensor Ric ( , ) associated to the Kähler C-space (M = G/K, ( , )) and solving this system with respect to A 223 , A 234 , one computes that (see [AnC] )
For G 2 (2) this gives A 223 = 2/3 and A 234 = 1/2, and for E 8 (8) we get A 223 = 56/3, A 234 = 28/5. Now, by Lemma 2.2 we also compute that (4.4) Consider the Killing metric defined by y i = 1 for any i = 0, . . . , 4. This is a bi-invariant Einstein metric on G 2 (hence also left-invariant), and thus it satisfies the system of equations {r 0 − r 1 = 0, r 1 − r 2 = 0, r 2 − r 3 = 0, r 3 − r 4 = 0}. Solutions of this system are given by A 111 = 3/2 and and A 044 , respectively, given above. Hence, it suffices to compute some of the triples appearing in (4.5). Set
The space h 1 = k 0 ⊕ p 2 ∼ = m 0 ⊕ m 3 is a Lie subalgebra of g = g 2 isomorphic to su 2 and the same is true for h 2 = k 1 ∼ = m 1 . Thus h := h 1 ⊕ h 2 is a Lie subalgebra of g isomorphic to su 2 ⊕ su 2 , and the above decomposition is Ad(H)-invariant. Here, H = SO 4 is the connected Lie group corresponding to h. In this way we define a fibration
with the base space being irreducible symmetric space. Left-invariant metrics on G 2 are given now by , = w 1 · B| h1 + w 2 · B| h2 + w 3 · B| n , with w 1 , w 2 , w 3 ∈ R + . This metric is Ad(H)-invariant, thus also Ad(K)-invariant and for w 1 = u 0 = x 2 , w 2 = u 1 and w 3 = x 1 = x 3 it coincides with the left-invariant metric , described before. For these values, the same holds for the corresponding Ricci tensors Ric , and Ric , .
In particular, let us denote byr 1 ,r 2 ,r 3 the components of Ric , with respect to the new left-invariant metric , . Then, for u 0 = w 1 , x 2 = w 1 , u 1 = w 2 , x 1 = w 3 and x 3 = w 3 , it holds that r 1 = r 0 = r 3 ,r 2 = r 1 ,r 3 = r 2 = r 4 .
By using the relation r 2 = r 4 we see that A 022 + A 223 = A 044 and thus we get A 022 = 1/12. Using relations (4.5) we easily conclude.
Case of E 8 (8). By Proposition 4.2 for E 8 (8) it is A 133 = 0. Therefore, by (4.4) and (4.3) we cannot immediately compute A 033 (as we did for G 2 (2)). We need to construct more equations. Set
r is a reductive decomposition of the homogeneous space G/U , where U is the connected Lie subgroup generated by the Lie algebra u. Since u ⊂ g we get the fibration
In full details
where the base space is (strongly) isotropy irreducible but not a symmetric space. Consider now left-invariant metrics on E 8 given by , = z 1 · B| u + z 2 · B| r with z 1 , z 2 ∈ R + . This is an Ad(U )-invariant metric and for z 1 = y 0 = y 1 = x 3 , z 2 = x 1 = x 2 coincides with the left-invariant metric , , defined by (4.2). For these values the associated Ricci components of (E 8 (8), , ) are such that r 0 = r 1 = r 4 and r 2 = r 3 . Hence, we get for example 63A Now it is sufficient to compute A 022 . Set
In this case one can easily prove that
Both the fiber H/K and the base space G/K are irreducible symmetric spaces, in particular the fibration
is the twistor fibration of the flag manifold E 8 / U 8 ∼ = E 8 /(U 1 × SU 8 ) over the symmetric space E 8 / SO 16 . Consider new left-invariant metrics on E 8 related to the decomposition g = h⊕n, i.e. , ′ = v 1 ·B| h +v 2 ·B| n for some v 1 , v 2 ∈ R + . For v 1 = u 0 = u 1 = x 2 and v 2 = x 1 = x 3 this metric coincides with the leftinvariant metric , . In a similar way, we get the relations r 0 = r 1 = r 3 and r 2 = r 4 , which imply now 63A 022 + 63A 044 − A 122 − A 144 = 0 and 3A 033 − A 111 − A 133 = 0. By combining with (4.6) we conclude.
Remark 4.5. An alternative way to compute A 111 is given as follows. For G ∈ {G 2 (2), E 8 (8)} consider the decomposition (4.1). Let K 1 be the connected Lie (sub)group generated by the simple ideal k 1 . Since K 1 ⊂ G, there exists a positive number c > 0 such that B K1 = c · B G , where B G denotes the negative of the Killing form of G. Let a 111 := 1 11 the triple associated to K 1 with respect to B K1 (as a compact simple Lie group). Then, by Lemma 2.2 we get a 111 = dim k 1 =: d 1 . On the other hand, by the definition of A 111 it is easy to see that A 111 = c · a 111 (for Lie groups with roots of the same length). For G 2 one has to notice that k 1 ∼ = su (2) is generated by the long root α 1 , in particular (8) and all the roots have the same length. In particular,
Naturally reductive metrics. For a Lie group
G ∼ = G(i o ) of Type I b (3), left-invariant metrics on G ∼ = G(i o ) which are Ad(K)-inavariant are given by (4.2). Proposition 4.6. If a left invariant metric , of the form (4.2) on G ∼ = G(i o ) of Type I b (3) is naturally reductive with respect to G × L for some closed subgroup L of G, then
one of the following holds:
(
Conversely, if one of the conditions (1), (2), (3) holds, then the metric , of the form (4.2) is naturally reductive with respect to G × L for some closed subgroup L of G.
Proof. Let l be the Lie algebra of L. Then we have either l ⊂ k or l ⊂ k. First we consider the case of l ⊂ k. Let h be the subalgebra of g generated by l and k. Since g = k 0 ⊕ k 1 ⊕ p 1 ⊕ p 2 ⊕ p 3 is an irreducible decomposition as Ad(K)-modules, we see that the Lie algebra h contains at least one of p 1 , p 2 , p 3 . We first consider the case that h contains
, then h is a simple Lie algebra, in fact, for G = G 2 (2) we see that h = su 3 and for G = E 8 (8) we see that h = su 9 , and p 1 ⊕ p 2 is an irreducible Ad(H)-module. Thus the metric , of the form (4.2) satisfies
Hence, we obtain h = g and the Ad(L)-invariant metric , of the form (4.2) is bi-invariant.
We proceed with the case l ⊂ k. Because the orthogonal complement l ⊥ of l with respect to B contains the orthogonal complement k ⊥ of k, it follows that l ⊥ ⊃ p 1 ⊕ p 2 ⊕ p 3 . Since the invariant metric , is naturally reductive with respect to G × L, we conclude that x 1 = x 2 = x 3 by Theorem 2.1.
Conversely, if the conditions (1) holds, then Theorem 2.1 sates that the metric , given by (4.2) is naturally reductive with respect to G × L, where l = k ⊕ p 2 . If the condition (2) holds, then the metric , given by (4.2) is naturally reductive with respect to G × L where l = k ⊕ p 3 . Finally, if the condition (3) holds, then the metric defined by (4.2) is naturally reductive with respect to G × K.
Einstein metrics.
Due to Lemma 4.4 and Remark 4.1, Corollary 4.3 determines now explicitly the Ricci tensor Ric , of the Lie groups (G 2 (2), , ) and (E 8 (8), , ). Recall that the homogeneous Einstein equation for the left-invariant metric , is given by
We normalize the metric by setting x 3 = 1. Then, we see that the homogeneous Einstein equation is equivalent to the following system of equations:
Consider the polynomial ring R = Q[z, u 0 , u 1 , x 1 , x 2 ] and the ideal I, generated by polynomials
We take a lexicographic ordering >, with z > u 0 > u 1 > x 2 > x 1 for a monomial ordering on R. Then, by the aid of computer, we see that a Gröbner basis for the ideal I contains a polynomial of x 1 given by ( 
We also remark that in the Gröbner basis, u 0 , u 1 , x 2 are given by polynomials of degree 40 of x 1 with coefficients of rational numbers. Solving h 1 (x 1 ) = 0 numerically, we get only one solution, which is given approximately by x 1 ≈ 0.93245951. Further, we see that a solution of the system of equations {f 1 = 0, f 2 = 0, f 3 = 0, f 4 = 0, h 1 (x 1 ) = 0} has the form by
Due to Proposition 4.6, we conclude that this solution induces a non-naturally reductive Einstein metric.
For x 1 = 11/9, the system {f 1 = 0, f 2 = 0, f 3 = 0, f 4 = 0} has a solution, given by {u 0 = 1, u 1 = 1, x 1 = 11/9, x 2 = 11/9}.
For x 1 = 1, we get u 0 = x 2 , (x 2 − 1)(875x 2 3 − 1165x 2 2 + 250x 2 − 14) = 0 and u 1 = (1750x 2 3 − 4080x 2 2 + 2585x 2 − 192)/63. Thus, we get solutions of the system of equations {f 1 = 0, f 2 = 0, f 3 = 0, f 4 = 0}, namely
and u 0 = u 1 = x 1 = x 2 = 1. By Proposition 4.6, one can deduce that these values give rise to naturally reductive Einstein metrics.
Case of E 8 (8) For a normalization of the metric x 3 = 1, the homogeneous Einstein equation is equivalent to the following system of equations:
We consider the polynomial ring R = Q[z, u 0 , u 1 , x 1 , x 2 ] and an ideal I, generated by polynomials
We choose the lexicographic ordering >, with z > u 0 > u 1 > x 2 > x 1 for a monomial ordering on R. Then, a Gröbner basis for the ideal I contains a polynomial of x 1 , given by (
where k 1 (x 1 ) is a polynomial of degree 49 explicitly defined as follows: 
Notice that in the Gröbner basis, u 0 , u 1 , x 2 are given by polynomials of degree 50 of x 1 with coefficients of rational numbers. Solving k 1 (x 1 ) = 0 numerically, we get three positive and two negative solutions, which are given approximately by x 1 ≈ 0.46131382, x 1 ≈ 0.91172474, x 1 ≈ 4.0130840 and x 1 ≈ −1.2146356, x 1 ≈ −1.1542138. Moreover, solutions of the system {g 1 = 0, g 2 = 0, g 3 = 0, g 4 = 0} have the approximate form
and {u 0 ≈ −1.3411877, u 1 ≈ −0.75642675, x 1 ≈ −1.2146356, x 2 ≈ −4.9166783}, {u 0 ≈ −1.4503818, u 1 ≈ −0.54000582, x 1 ≈ −1.1542138, x 2 ≈ −4.7370866}. Thus, we obtain three Einstein metrics which are non-naturally reductive, by Proposition 4.6. After computing the related scale invariants (cf. [AC, Section 7] ) we deduce that these metrics are non-isometric each other.
For x 1 = 9/41, the system of equation {f 1 = 0, f 2 = 0, f 3 = 0, f 4 = 0} has a solution, given by {u 0 = 1, u 1 = 1, x 1 = 9/41, x 2 = 9/41}. For x 1 = 1, we see that u 0 = u 1 = x 2 = 7/23 and u 0 = u 1 = x 1 = x 2 = 1. Due to Proposition 4.6, these solutions define naturally reductive Einstein metrics.
Left-invariant non-naturally reductive Einstein metrics on Lie groups of Type
be a compact connected Lie groups of Type II b (3). Then G is isometric to F 4 (2), E 7 (3), E 8 (2) or E 7 (5). Let g = T e G be the corresponding Lie algebra.
The Ricci tensor. For a Lie group
This is a reductive decomposition of g of the form (2.1) and a left-invariant metric on G ∼ = G(i o ) is given by Table 3 we state the subalegbras k i , the dimensions d i := dim R m i for i = 1, . . . , 5 (d 0 = 1) and the vanishing or not of the triple A 144 , which plays an essential role. Table 3 . The simple ideals ki, the dimensions di, and the vanishing of A144 
From the other cases we describe these which are less obvious. Consider the decomposition (5.1) of the Lie algebra g and let t ⊂ g be a maximal abelian subalgebra. Let
Choose a Weyl basis of root vectors {E α ∈ g α : α ∈ R} and let Π = {α 1 , . . . , α ℓ } (ℓ = dim t) be the fixed fundamental basis and R + the associated positive roots. Then, there exists a subset Π K ⊂ Π such that R K = R ∩ Π K be the root system of the (semi-simple part) of the reductive Lie algebra
, where Π K is the subspace of √ −1t generated by Π K with integer coefficients. Similarly, we write R + K := R + ∩ Π K for the corresponding positive roots. Due to reductive decomposition (5.1), R K splits into two root subsystems, say R K1 , R K2 , which can be identified with the root systems of k
c., and we decompose k C ss as follows:
Here 
Now, t is a common maximal abelian subalgebra of k ⊂ g.
where A α := (E α + E −α ) and B α := √ −1(E α − E −α ). The simple ideals k 1 , k 2 can be viewed as
) be the complementary roots of M = G/K. Because ht(α io ) = 3, this set splits into 3 subsets R
st way. Fix one of the Lie groups F 4 (2), E 7 (5) and E 8 (2). A method to prove that A 144 = 0 but A 133 = 0, (5.3). In the same way and by using now ( * * ) and (5.3) we get [k 2 , m 5 ] = 0, which implies that A 255 = 0. Of course, this method applies also for E 7 (3); for this Lie group the inclusion [k 1 , m 4 ] ⊂ m 4 holds, so A 144 = 0. 2 nd way. An alternative way to examine the behaviour of A 144 is based on the orthogonality of roots. Let us denote the unique simple root belonging in Π K1 by φ (recall that |Π K1 | = 1 for F 4 (2), E 7 (5) and E 8 (2)). Consider some complementary root α ∈ R + 2 associated to p 2 ∼ = m 4 . In terms of simple roots, α may be
The fact that the simple root φ ∈ Π K ≡ R + K appears in the expression of α ∈ R + + always with coefficient 1, can be straightforward checked by the expressions of positive roots in terms of simple roots. Since φ is connected to −α it is (φ,α) = 0 (in general (α i ,α) ≥ 0). By assuming now that α = φ + 2α io + k c k α k (the other case is treated similarly) we get that
. This shows that the orthogonality of the roots α and φ, and since φ spans R + K1 , by the definition of A ijk we conclude that A 144 = 0. Let us illustrate the computations shortly for F 4 (2). Let Π = {α = e 2 − e 3 , α 2 = e 3 − e 4 , α 3 = e 4 , α 4 = 1 2 (e 1 − e 2 − e 3 − e 4 )} be the fixed fundamental basis, with α = 2α 1 + 3α 2 + 4α 3 + 2α 4 . Then, the Cartan matrix is given by
We explain now why A 144 = 0 for E 7 (3). Recall that Π K1 = {α 4 , · · · , α 7 }, with result R K1 ∼ = R SU 5 and R + K1 = Π K ⊔ {α 4 + α 5 , α 4 + α 5 + α 6 , α 4 + α 7 , α 5 + α 6 , α 4 + α 5 + α 7 , α 4 + α 5 + α 6 + α 7 }. For convenience, we present the set R + 2 in terms of simple roots (we state only the coefficients) 1, 2, 2, 1, 0, 1), (0, 1, 2, 2, 1, 1, 1), (0, 1, 2, 2, 2, 1, 1), (0, 1, 2, 3, 2, 1, 1), (1, 1, 2, 2, 1, 0, 1),  (1, 1, 2, 2, 1, 1, 1), (1, 1, 2, 2, 2, 1, 1), (1, 1, 2, 3, 2, 1, 1), (1, 2, 2, 2, 1, 0, 1), (1, 2, 2, 2, 1, 1, 1),  (1, 2, 2, 2, 2, 1, 1), (1, 2, 2, 3, 2, 1, 1), (0, 1, 2, 3, 2, 1, 2), (1, 1, 2, 3, 2, 1, 2), (1, 2, 2, 3, 2, 1, 2)    .
Choose for example α := α 1 + α 2 + 2α 3 + 2α 4 + 2α 5 + α 6 + α 7 ∈ R + 2 and φ :
and hence A 144 = 0. This can be verified by the orthogonality of roots as well; since the fixed basis of simple roots of E 7 is such that (α i , α i ) = 2 and (α 1 , α 2 ) = (α 2 , α 3 ) = (α 3 , α 4 ) = (α 4 , α 5 ) = (α 4 , α 7 ) = (α 5 , α 6 ) = −1, it follows that 2(α, φ) (φ, φ) = −3/2 = 0.
We finish the proof with a short remark about A 225 . This case can be treated by similar methods as above, however it occurs in an faster way via the painted Dynkin diagram associated to a Lie group G = G(i o ) of Type II b (3). For such a group and the reductive decomposition of its Lie algebra g given by (5.1), observe that the Dynkin diagram of k 2 is not connected with −α. Hence [k 2 , Eα] = 0, and sinceα ∈ R + 3 , i.e. Eα ∈ p 3 ∼ = m 5 , it follows that A 225 = 0. Now, an easy application of Lemma 2.2 gives that Corollary 5.2. On (E 7 (3), , ) , the components r i of the Ricci tensor Ric , associated to the left-invariant metric , given by (5.2), are described as follows
The corresponding Ricci components of F 4 (2), E 7 (5) and E 8 (2) occur by the same expressions, by setting however A 144 = 0.
5.2. The structure constants. We proceed now with the non-zero structure constants. We prove that Proof. We use the Killing metric to obtain a system of 5 equations {r 0 − r 1 = 0, r 1 − r 2 = 0, r 2 − r 3 = 0, r 3 − r 4 = 0, r 4 − r 5 = 0} depending on 11 (or 12) unknowns, i.e. the triples appearing in Proposition 5.1. Two of them, namely the triples A 334 and A 345 can be computed similarly with a Lie group G of Type I b (3), using the (unique) Kähler-Einstein metric x 1 = 1, x 2 = 2, x 3 = 3 that M = G/K admits. This gives (see [AnC] )
Case of F 4 (2), E 7 (5), E 8 (2). Assume that G ∈ {F 4 (2), E 7 (5), E 8 (2)}. We will show how one can compute the other triples, i.e., A 033 , A 044 , A 055 , A 111 , A 133 , A 144 , A 155 , A 222 , A 233 , and A 244 , in a global way. For the construction of more equations, we use first the twistor fibration of our flag manifold over a symmetric space. Set
This is a reductive decomposition of g with
where H ⊂ G is the connected Lie subgroup generated by h. The base space B = G/H is an irreducible symmetric space and the fiber is a Hermitian symmetric space. A second reductive decomposition of g is given by
In this case, the pair (g, q) is not symmetric, since
where Q ⊂ G is the connected Lie subgroup with Lie algebra q. The fiber of the induced fibration is CP 2 ∼ = SU 3 /(U 1 × SU 2 ) ∼ = SU 3 / U 2 and the base space B ′ = G/Q is isotropy irreducible ( [B] ). Let us summarize the necessary details as follows:
The reductive decompositions (5.5) and (5.6) induce left-invariant metrics on G, given by
respectively. For w 1 = u 0 = u 2 = x 2 , w 2 = u 1 and w 3 = x 1 = x 3 , the metrics , and , coincide, and the same holds between , ′ and , for z 1 = u 0 = u 1 = x 3 , z 2 = x 1 and z 3 = x 1 = x 2 . For these values, by comparing the Ricci components we get the relations r 0 = r 2 = r 4 and r 0 = r 1 = r 5 . The first one r 0 = r 2 = r 4 and after introducing the values of A 334 , A 345 given by (5.4), implies that
Similarly, by r 0 = r 1 = r 5 we use the relations
After combining now this data with the system defined by the Killing metric, we obtain all A ijk in terms of the dimensions d i , i = 1, . . . , 5 (recall that d 0 = 1); then one can complete the proof based on Table 3 .
Case of E 7 (3). In this case, the first reductive decomposition is again the twistor fibration associated to the flag manifold E 7 /(U 1 × SU 5 × SU 3 ). This is almost similar with (5.5), i.e. we set
It follows that h ∼ = su 8 ⊂ g and since [n, n] ⊂ h the base space of the fibration G/K → G/H is an irreducible symmetric space, namely G/H ∼ = E 7 / SU 8 . For a second reductive decomposition we use (5.6); it is q = q 1 ⊕q 2 with q 1 ∼ = su 6 and q 2 = su 3 . Thus we obtain the fibration
where the base space is isotropy irreducible ( [B] ). Considering new left-invariant metrics associated to these decompositions and following a similar procedure like before, we obtain the desired results.
Remark 5.4. Let us verify the values of A 111 , A 222 via Remark 4.5. For F 4 (2) recall that B F 4 (α 1 , α 1 ) = B F 4 (α 2 , α 2 ) = 2B F 4 (α 3 , α 3 ) = 2B F 4 (α 4 , α 4 ). Because k 1 = su 2 is generated by α 1 , we see that A 111 = c · dim su 2 where c = B SU2 /B F4 = 4/18. Thus A 111 = 2/3. For the triple A 222 , the simple ideal k 2 = su 3 is generated by the short roots. Hence A 222 = 1 2 c ′ · dim su 3 where c ′ = B SU 3 /B F 4 = 6/18. This shows that A 222 = 4/3. Similar are treated the other Lie groups. For example, for E 7 (3) we get A 111 = (B SU 5 /B E 7 ) · dim su 5 = (10/36) · 24 = 2/3 and A 222 = (B SU 3 /B E 7 ) · dim su 3 = (6/36) · 8 = 4/3. Although one is possible to use these values in the proof of Lemma 5.3, we remark that the reductive decompositions (5.5) and (5.6) described above, are both necessary.
Naturally reductive metrics. For a Lie group
is naturally reductive with respect to G × L for some closed subgroup L of G, then one of the following holds:
(1) for G = F 4 (2), E 7 (5) and E 8 (2), u 0 = u 2 = x 2 , x 1 = x 3 , and for
Conversely, if one of the conditions (1), (2), (3) holds, then the metric , of the form (5.7) is naturally reductive with respect to G × L, for some closed subgroup L of G.
Proof. Let l be the Lie algebra of L. Then there are two cases: l ⊂ k or l ⊂ k. We begin with the second one, i.e. l ⊂ k. Let h be the subalgebra of g generated by l and k. Since g = k 0 ⊕ k 1 ⊕ k 2 ⊕ p 1 ⊕ p 2 ⊕ p 3 is an irreducible decomposition as Ad(K)-modules, the Lie algebra h needs to contain at least one of p 1 , p 2 , p 3 . Assume that p 1 ⊂ h. Then, [p 1 , p 1 ] ∩ p 2 = {0} and hence h contains p 2 . It is also [p 1 , p 2 ] ∩ p 3 = {0}, thus h contains p 3 , as well. It follows that h = g and the Ad(L)-invariant metric , of the form (5.7) is bi-invariant.
is a symmetric pair. Thus, the metric , of the form (5.7) satisfies u 0 = u 2 = x 2 , x 1 = x 3 for G = F 4 (2), E 7 (5) and E 8 (2) and
Thus we also get h = g and the Ad(L)-invariant metric , of the form (5.7) is again bi-invariant. Consider now the case p 3 ⊂ h. Then, h ⊃ k ⊕ p 3 . If h = k ⊕ p 3 , then h is a semi-simple Lie algebra and p 1 ⊕ p 2 is an irreducible Ad(H)-module. Thus, the metric , of the form (5.7) satisfies u 0 = u 1 = x 3 , x 1 = x 2 . If h = k ⊕ p 3 , we conclude that h ∩ p 1 = {0} or h ∩ p 2 = {0} and thus h ⊃ p 1 , or h ⊃ p 2 . Then, we obtain h = g and the Ad(L)-invariant metric , of the form (5.7) must be bi-invariant. Now we consider the case l ⊂ k. Since the orthogonal complement l ⊥ of l with respect to B contains the orthogonal complement k ⊥ of k, it follows that l ⊥ ⊃ p 1 ⊕ p 2 ⊕ p 3 . Since the invariant metric , is naturally reductive with respect to G × L, using Theorem 2.1. we conclude that x 1 = x 2 = x 3 .
Conversely, if the condition (1) holds, then due to Theorem 2.1, the metric , given by (5.7) is naturally reductive with respect to G × L, where l = k ⊕ p 2 . Similarly, if the condition (2) holds, then the metric given by (5.7) is naturally reductive with respect to G × L, where l = k ⊕ p 3 . Finally, if the condition (3) holds, then the metric given by (5.7) is naturally reductive with respect to G × K.
The homogeneous Einstein equation.
Corollary 5.2 in combination with Lemma 5.3 determines now explicitly the Ricci tensor Ric , of a Lie group G = G(i o ) of Type II b (3) with respect to the left-invariant metric , . Hence we can write down explicitly the homogeneous Einstein equation; this is given by {r 0 − r 1 = 0, r 1 − r 2 = 0, r 2 − r 3 = 0, r 3 − r 4 = 0, r 4 − r 5 = 0}
and it turns out to be equivalent to the following system of equations (we normalise the metric by setting
g 1 = 12u 1 2 u 2 x 2 2 x 3 2 + 2u 1 2 u 2 x 2 2 − 10u 1 u 2 2 x 2 2 x 3 2 − 5u 1 u 2 2 x 3 2 − 3u 1 x 2 2 x 3 2 + 4u 2 x 2 2 x 3 2 = 0, g 2 = u 0 u 2 x 2 2 x 3 + 9u 1 u 2 x 2 2 x 3 + 50u 2 2 x 2 2 x 3 + 15u 2 2 x 3 + 18u 2 x 2 3 x 3 + 6u 2 x 2 3 − 108u 2 x 2 2 x 3 +6u 2 x 2 x 3 2 − 6u 2 x 2 + 9x 2 2 x 3 = 0, g 3 = −u 0 x 2 2 x 3 + 4u 0 x 3 − 9u 1 x 2 2 x 3 − 20u 2 x 2 2 x 3 + 20u 2 x 3 − 36x 2 3 x 3 − 18x 2 3 + 108x 2 2 x 3 +6x 2 x 3 2 − 72x 2 x 3 + 18x 2 = 0, g 4 = 9u 0 x 2 2 − 4u 0 x 3 2 + 9u 1 x 2 2 − 20u 2 x 3 2 + 18x 2 3 x 3 2 + 48x 2 3 x 3 − 108x 2 2 x 3 − 48x 2 x 3 3 +72x 2 x 3 2 + 24x 2 x 3 = 0.
We consider the polynomial ring R = Q[z, u 0 , u 1 , u 2 , x 2 , x 3 ] and an ideal I, generated by polynomials {g 0 , g 1 , g 2 , g 3 , g 4 , z u 0 u 1 u 2 x 2 x 3 − 1}. We take a lexicographic ordering > with z > u 0 > u 1 > u 2 > x 2 > x 3 for a monomial ordering on R. Then, a Gröbner basis for the ideal I, contains a polynomial of x 3 given by ( Solving h 1 (x 3 ) = 0 numerically, we see that there exist five positive solutions, which are given approximately by x 3 ≈ 0.25594917, x 3 ≈ 0.49280351, x 3 ≈ 1.1060677, x 3 ≈ 1.3849054, x 3 ≈ 2.4753269. Moreover, real solutions of the system {g 0 = 0, g 1 = 0, g 2 = 0, g 3 = 0, g 4 = 0, h 1 (x 3 ) = 0} with u 0 u 1 u 2 x 2 x 3 = 0 are of the form
Hence, we obtain five Einstein metrics which are non-naturally reductive by Proposition 5.5. By computing the associated scale invariants (cf. [AC] ) we conclude that these five metrics are non-isometric each other.
For 884x 3 3 −1816x 3 2 +873x 3 −117 = 0, we see that x 2 = 1, u 0 = u 1 = x 3 and 442x 3 2 −739x 3 +65u 2 +144 = 0 are solutions of the system {g 0 = 0, g 1 = 0, g 2 = 0, g 3 = 0, g 4 = 0}. Hence, in this case solutions are given by
For x 3 = 1, we see that (x 2 − 1)(2375x 2 3 − 4195x 2 2 + 1960x 2 − 272) = 0, u 0 = u 2 = x 2 and 102u1 − 2375x 2 3 + 6570x 2 2 − 5305x 2 + 1008 = 0. Then we obtain again solutions, approximately given by
and u 0 = u 1 = x 2 = x 3 = 1. Notice that these solutions define naturally reductive Einstein metrics, by Proposition 5.5.
Case of E 7 (5)
−216u 2 x 2 2 x 3 + 6u 2 x 2 x 3 2 − 6u 2 x 2 + 36x 2 2 x 3 = 0,
+216x 2 2 x 3 + 6x 2 x 3 2 − 144x 2 x 3 + 18x 2 = 0,
We consider the polynomial ring R = Q[z, u 0 , u 1 , u 2 , x 2 , x 3 ] and an ideal I generated by polynomials {g 0 , g 1 , g 2 , g 3 , g 4 , z u 0 u 1 u 2 x 2 x 3 − 1}. Fix a lexicographic ordering >, with z > u 0 > u 1 > u 2 > x 2 > x 3 for a monomial ordering on R. Then, a Gröbner basis for the ideal I contains a polynomial of x 3 given by (x 3 − 1)(2332x 3 3 − 4013x 3 2 + 1053x 3 − 72)h 1 (x 3 ), where h 1 (x 3 ) is a polynomial of degree 101 given by Solving h 1 (x 3 ) = 0 numerically, we get five positive and four negative solutions, given approximately by x 3 ≈ 1.1800573, x 3 ≈ 0.12169301, x 3 ≈ 0.20754861, x 3 ≈ 1.5303652, x 3 ≈ 2.1692738 and x3 ≈ −0.49217418, x3 ≈ −0.48405841, x3 ≈ −0.57150512, x3 ≈ −0.6231710. In addition, we see that real solutions of the system {g 0 = 0, g 1 = 0, g 2 = 0, g 3 = 0, g 4 = 0, h 1 (x 3 ) = 0} with u 0 u 1 u 2 x 2 x 3 = 0, are given by
Thus, we obtain five Einstein metrics which are non-naturally reductive by Proposition 5.5. We can also see that these five metrics are non-isometric each other, by computing the induced scale invariants (cf. [AC] ).
For 2332x 3 3 −4013x 3 2 +1053x 3 −72 = 0, we see that x 2 = 1, u 0 = u 1 = x 3 and 2332x 3 3 −6345x 3 2 +4642x 3 − 224u 2 − 405 = 0 are solutions of the system of equations {g 0 = 0, g 1 = 0, g 2 = 0, g 3 = 0, g 4 = 0}. Thus, approximately we obtain the following solutions of the system corresponding to the homogeneous Einstein equation:
For x 3 = 1, we see that (x 2 − 1)(4949x 2 3 − 9379x 2 2 + 5155x 2 − 875) = 0, u 0 = u 2 = x 2 and 525u 1 − 19796x 2 3 + 57312x 2 2 − 49561x 2 + 11520 = 0. In this case, we obtain the solutions
and u 0 = u 1 = x 2 = x 3 = 1. By Proposition 5.5, we see that these solutions induce left-invariant Einstein metrics which are naturally reductive.
g 2 = u 0 u 2 x 2 2 x 3 + 9u 1 u 2 x 2 2 x 3 + 176u 2 2 x 2 2 x 3 + 36u 2 2 x 3 + 60u 2 x 2 3 x 3 + 6u 2 x 2 3 −360u 2 x 2 2 x 3 + 6u 2 x 2 x 3 2 − 6u 2 x 2 + 72x 2 2 x 3 = 0,
+360x 2 2 x 3 + 6x 2 x 3 2 − 240x 2 x 3 + 18x 2 = 0,
Consider the polynomial ring R = Q[z, u 0 , u 1 , u 2 , x 2 , x 3 ] and an ideal I, generated by polynomials {g 0 , g 1 , g 2 , g 3 , g 4 , z u 0 u 1 u 2 x 2 x 3 − 1}. Fix the lexicographic ordering >, with z > u 0 > u 1 > u 2 > x 2 > x 3 for a monomial ordering on R. Then, by the aid of computer, we compute a Gröbner basis for the ideal I; this contains a polynomial of x 3 given by (x 3 − 1)(14863x 3 3 − 23537x 3 2 + 3841x 3 − 159)h 1 (x 3 ), where h 1 (x 3 ) is a polynomial of degree 101 given by Solving h 1 (x 3 ) = 0 numerically, we get five positive and four negative solutions, which are given approximately by x 3 ≈ 0.2205104, x 3 ≈ 0.072293790, x 3 ≈ 0.11492789, x 3 ≈ 1.5437649, x 3 ≈ 1.972915 and x3 ≈ −0.30929231, x3 ≈ −0.30556009, x3 ≈ −0.44683455, x3 ≈ −0.39992522. Furthermore, we take the following real solutions of the system {g 0 = 0, g 1 = 0, g 2 = 0, g 3 = 0, g 4 = 0, h 1 (x 3 ) = 0} with u 0 u 1 u 2 x 2 x 3 = 0: {u0 ≈ 1.0725485, u1 ≈ 0.045012693, u2 ≈ 0.31014510, x3 ≈ 0.2205104, x2 ≈ 0.75504389}, {u0 ≈ 0.073985052, u1 ≈ 0.067061174, u2 ≈ 0.30836161, x3 ≈ 0.072293790, x2 ≈ 1.0001177}, {u0 ≈ 0.12074935, u1 ≈ 0.096083894, u2 ≈ 1.0975908, x3 ≈ 0.11492789, x2 ≈ 1.0004421}, {u0 ≈ 1.5886788, u1 ≈ 1.3434091, u2 ≈ 0.37367555, x3 ≈ 1.5437649, x2 ≈ 1.1394129}, {u0 ≈ 2.0094538, u1 ≈ 0.057685208, u2 ≈ 0.39443471, x3 ≈ 1.9729151, x2 ≈ 1.4757000} and {u0 ≈ 0.57479844, u1 ≈ 0.091481076, u2 ≈ 1.0446277, x3 ≈ −0.30929231, x2 ≈ 2.2251780},
Thus we obtain five Einstein metrics which according to Proposition 5.5, are non-naturally reductive. In particular, a computation of the related scale invariants shows that these five metrics are non-isometric each other.
For 14863x 3 3 − 23537x 3 2 + 3841x 3 − 159 = 0, we see that x 2 = 1, u 0 = u 1 = x 3 and 44589x 3 2 − 65894x 3 + 2756u 2 + 3573 = 0 are solutions of the system of equations {g 0 = 0, g 1 = 0, g 2 = 0, g 3 = 0, g 4 = 0}. Thus, approximately we obtain the following solutions:
For x 3 = 1, we see that (x 2 − 1)(864x 2 3 − 1676x 2 2 + 973x 2 − 177) = 0, u 0 = u 2 = x 2 and 59u 1 − 3456x 2 3 + 10160x 2 2 − 9003x 2 + 2240 = 0. Thus, in this case the solutions approximately have the form
and u 0 = u 1 = x 2 = x 3 = 1. According to Proposition 5.5, these values define naturally reductive Einstein metrics.
Case of E 7 (3) (5.11) Solving h 1 (x 3 ) = 0 numerically, we obtain seven real solutions which are given by x 3 ≈ 1.1800573, x 3 ≈ 0.49280351, x 3 ≈ 1.1060677, x 3 ≈ 1.3849054, x 3 ≈ 2.4753269 (we state only the positive). As a consequence, real solutions of the system of equations {g 0 = 0, g 1 = 0, g 2 = 0, g 3 = 0, g 4 = 0, h 1 (x 3 ) = 0} with u 0 u 1 u 2 x 2 x 3 = 0 are of the form {u0 ≈ 0.30587680, u1 ≈ 0.23162043, u2 ≈ 0.11719295, x2 ≈ 1.0035307, x3 ≈ 0.27827971}, {u0 ≈ 0.43465453, u1 ≈ 0.27733727, u2 ≈ 1.4182653, x2 ≈ 1.0086185, x3 ≈ 0.37945991}, {u0 ≈ 0.33445150, u1 ≈ 0.23695076, u2 ≈ 0.36978513, x2 ≈ 0.31241976, x3 ≈ 1.0008636}, {u0 ≈ 0.28679936, u1 ≈ 0.36605764, u2 ≈ 0.14958786, x2 ≈ 0.28763468, x3 ≈ 1.0026185}, {u0 ≈ 0.77541704, u1 ≈ 0.19715742, u2 ≈ 0.11437270, x2 ≈ 0.52666358, x3 ≈ 1.0826430}, {u0 ≈ 1.5820396, u1 ≈ 0.30622692, u2 ≈ 1.3221125, x2 ≈ 1.2303151, x3 ≈ 1.3552648}, {u0 ≈ 2.3846395, u1 ≈ 0.30253103, u2 ≈ 0.17015362, x2 ≈ 1.6249173, x3 ≈ 2.2246116}.
Thus, we obtain seven Einstein metrics which are non-naturally reductive by Proposition 5.5. In particular, these seven metrics are non-isometric each other and this follows after a computation of the corresponding scale invariants.
For (x 3 − 1)(5632x 3 3 − 9488x 3 2 + 3933x 3 − 477) = 0 For 5632x 3 3 − 9488x 3 2 + 3933x 3 − 477 = 0, we see that x 2 = 1, u 0 = u 1 = x 3 and 1408x 3 2 − 1948x 3 + 53u 2 + 387 = 0 for solutions of the system of equations {g 0 = 0, g 1 = 0, g 2 = 0, g 3 = 0, g 4 = 0}. Hence, in this case we conclude that the following parameters define solutions of the homogeneous Einstein equation:
For x 3 = 1, we see that (x 2 − 1)(7x 2 − 2) = 0, u 0 = u 1 = u 2 = x 2 . Thus we obtain a solution, given by {u 0 = u 1 = u 2 = x 2 = 2/7, x 3 = 1}, and u 0 = u 1 = x 2 = x 3 = 1. Using Proposition 5.5 we deduce that the induced left-invariant Einstein metric are naturally reductive.
6. Left-invariant non-naturally reductive Einstein metrics on Lie groups of Type III b (3) 6.1. The Lie groups E 6 (3). In this final section we examine the Lie group E 6 (3), which is the unique compact simple Lie group G = G(i o ) of Type III b (3), see Theorem 3.3. Let us denote its Lie algebra by g. Consider the orthogonal decomposition
Hence, and according to Table 2 , it is
for some positive numbers u i , x j , y m ∈ R + . This metric is also Ad(K)-invariant and since m i ≇ m j for any 3 ≤ i = j ≤ 6, all G-invariant metrics on the base space M = G/K are a multiple of
In a similar way with Proposition 5.1, we conclude that the non-zero triples A ijk (0 ≤ i, j, k ≤ 6) associated to the reductive decomposition (6.1) and the left-invariant metric on E 6 given by (6.2), are the following (up to permutation of indices): In particular, it is easy to see that A 155 = A 266 = A 366 = 0.
Remark 6.1. In the reductive decomposition (6.1) it is k 2 ∼ = su 3 ∼ = k 3 . This isomorphism does not effect on the behaviour of the Ricci tensor Ric , corresponding left-invariant metric , . In particular, by using root vectors corresponding to k 2 and k 3 , it follows that Ric , (k 2 , k 3 ) = 0, hence Ric , is still diagonal.
6.2. The Ricci tensor and the structure constants. Let us apply Lemma 2.2 to get a first version of the Ricci tensor in terms of the parameters of , , the dimensions d i and the non-zero triples A ijk .
Proposition 6.2. The components r i of the Ricci tensor Ric , associated to the left-invariant metric , on E 6 described by (6.2) , are given by
We need now the values of the non-zero A ijk . These are described by the following lemma.
Lemma 6.3. For the reductive decomposition (6.1) and for the left-invariant metric , on the Lie group E 6 = E 6 (3), the non-zero A ijk are given explicitly as follows: Proof. The computation of A 445 and A 456 is based on the unique Kähler-Einstein metric y 4 = 1, y 5 = 2, y 6 = 3 that M = G/K = E 6 /(U 1 × SU 2 × SU 3 × SU 3 ) admits. Thus, the system which defines the Killing metric y i = 1 (i = 0, . . . 6), consists now of six equations and 12 unknowns. For the construction of more equations, let us consider first the twistor fibration of M = G/K over an irreducible symmetric space. Set
This is a symmetric reductive decomposition of g; for dimensional reasons we take h 1 ∼ = su 6 and the corresponding irreducible symmetric space G/H is the coset E 6 /(SU 6 × SU 2 ). Consider a left-invariant metric on E 6 , given by ,
this metric coincides with , and the same holds for the corresponding Ricci tensors. Hence we get the following equations:
It follows that q i ∼ = su 3 for any i = 1, 2, 3 and [q, q] ⊂ q, [q, r] ⊂ r. Since k ⊂ q, this defines the fibration
where the base space G/Q ∼ = E 6 /(SU 3 × SU 3 × SU 3 ) is isotropy irreducible, see [B] . By a similar procedure as before and after considering a new left-invariant metric on E 6 , we get that (1) u 0 = u 2 = u 3 = x 2 , x 1 = x 3 (2) u 0 = u 1 = x 3 , x 1 = x 2 (3) x 1 = x 2 = x 3 . Conversely, if one of the conditions (1), (2), (3) holds, then the metric , of the form (6.3) is naturally reductive with respect to G × L for some closed subgroup L of G. Solving h 1 (x 3 ) = 0 numerically, we find five positive and two negative solutions, which are given approximately by x 3 ≈ 0.18639713, x 3 ≈ 0.34082479, x 3 ≈ 1.1408077, x 3 ≈ 1.4812096, x 3 ≈ 2.3587740 and x 3 ≈ −0.80052360, x 3 ≈ −0.75956931. Moreover, real solutions of the system {g 0 = 0, g 1 = 0, g 2 = 0, u 2 = u 3 , g 4 = 0, g 5 = 0} with u 0 u 1 u 2 u 3 x 2 x 3 = 0 have the form {u 0 ≈ 0.19486610, u 1 ≈ 0.15924707, u 2 = u 3 ≈ 0.17659278, x 2 ≈ 1.0016957, x 3 ≈ 0.18639713}, {u 0 ≈ 0.37393672, u 1 ≈ 0.21919659, u 2 = u 3 ≈ 1.1626641, x 2 ≈ 1.0087519, x 3 ≈ 0.34082479}, {u 0 ≈ 0.84212893, u 1 ≈ 0.10872180, u 2 = u 3 ≈ 0.178610960, x 2 ≈ 0.58058297, x 3 ≈ 1.1408077}, {u 0 ≈ 1.5046268, u 1 ≈ 1.4017692, u 2 = u 3 ≈ 0.23783921, x 2 ≈ 1.0550442, x 3 ≈ 1.4812096}, {u 0 ≈ 2.3653572, u 1 ≈ 0.16989789, u 2 = u 3 ≈ 0.26106774, x 2 ≈ 1.6915562, x 3 ≈ 2.3587740} and {u 0 ≈ 1.3387553, u 1 ≈ 0.24195763, u 2 = u 3 ≈ 0.34572988, x 2 ≈ 3.8653526, x 3 ≈ −0.80052360}, {u 0 ≈ 1.1975502, u 1 ≈ 0.69035070, u 2 = u 3 ≈ 0.37629335, x 2 ≈ 3.8406206, x 3 ≈ −0.75956931}. Therefore, we obtain five Einstein metrics which are non-naturally reductive by Proposition 5.5. We also see that these five metrics are non-isometric each other, by computing the scale invariants (cf. [AC] ).
Consider now the case (x 3 − 1)(17x 3 − 3)(105x 3 2 − 180x 3 + 43) = 0. For 105x 3 2 − 180x 3 + 43 = 0, we get that x 2 = 1, u 0 = u 1 = x 3 and 35x 3 + 43u 2 − 60 = 0, as solutions of the system of equations {g 0 = 0, g 1 = 0, g 2 = 0, u 2 = u 3 , g 4 = 0, g 5 = 0} with u 0 u 1 u 2 u 3 x 2 x 3 = 0. It follows that the following values are real solutions of the homogeneous Einstein equation: and {u0 ≈ 1.0325160, u1 ≈ 0.34059800, u2 ≈ 1.1055012, u3 ≈ 0.435626061, x2 ≈ 3.6160749, x3 ≈ −0.71677982}, {u0 ≈ 1.0325160, u1 ≈ 0.34059800, u2 ≈ 0.435626061, u3 ≈ 1.1055012, x2 ≈ 3.6160749, x3 ≈ −0.71677982}, {u0 ≈ 1.0018570, u1 ≈ 0.49052811, u2 ≈ 1.0713232, u3 ≈ 0.44960349, x2 ≈ 3.6248195, x3 ≈ −0.70718824}, {u0 ≈ 1.0018570, u1 ≈ 0.49052811, u2 ≈ 0.44960349, u3 ≈ 1.0713232, x2 ≈ 3.6248195, x3 ≈ −0.70718824}.
Based now on Proposition 6.4, we conclude that these eight Einstein metrics are non-naturally reductive. Notice that metrics obtained by exchanging u 2 and u 3 are isometric. A final computation of the induced scale invariants allows us to deduce that there are four Einstein metrics which are non-isometric each other. For 129x 3 2 − 180x 3 + 35 = 0, we get that x 2 = 1, u 0 = u 1 = x 3 , 24u 3 x 3 + 105u 3 2 − 180u 3 + 35 = 0 and 8x 3 + 35u 2 + 35u 3 − 60 = 0 for solutions of the system of equations {g 0 = 0, g 1 = 0, g 2 = 0, 2u 2 u 3 x 2 2 + u 2 u 3 − x 2 2 = 0, g 4 = 0, g 5 = 0} with u 0 u 1 u 2 u 3 x 2 x 3 = 0. Thus, in this case solutions of the homogeneous Einstein equation are given by By Proposition 6.4, these solutions give rise to naturally reductive Einstein metrics.
